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Abstract
Let A be a finite von Neumann algebra and p ∈ A a projection. It is well known that the map
which assigns to a positive normal functional of A its support projection, is not continuous. In this
note it is shown that if one restricts to the set of positive normal functionals with support equivalent
to a fixed p, endowed with the norm topology, and the set of projections of A is considered with the
strong operator topology, then the support map is continuous. Moreover, it is shown that the support
map defines a homotopy equivalence between these spaces. This fact together with previous work
imply that, for example, the set of projections of the hyperfinite II1 factor, in the strong operator
topology, has trivial homotopy groups of all orders n ≥ 1.
Keywords: State space, support projection.
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Introduction

It is well known that the function which assigns to each positive normal functional ϕ in a von Neumann algebra A, its support projection supp(ϕ), is not
continuous, in any topology other than the coarse topology. This is the case
even if A is finite dimensional. In fact, for any von Neumann algebra, it holds
that the normal and faithful functionals are dense in norm among all the
normal positive functionals (see [2]). However, a simple spectral argument
shows that for matrix algebras, if one considers only functionals which have
a priori equivalent supports, then the support function is continuous. The
∗
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object of this note is to show that this holds for finite von Neumann algebras:
i.e. the support is continuous among positive normal functionals with mutually Murray-von Neumann equivalent supports, when the set of projections
of A is considered with the strong operator topology. Also, an easy example
is shown, that this property does not hold for B(H).
Finally, again under the assumption that A is finite, it is shown that the
map supp defines a homotopy equivalence between the space of states with
support equivalent to p, in the norm topology, and the set of projections of
A in the strong operator topology. Note that the connected components of
the set of projections of a finite algebra coincide with the equivalence classes.
In a previuos work with A. Varela [1] it is shown that this set of states has
trivial homotopy groups of all orders for a class of factors which includes the
hyperfinite II1 factor. It follows that for algebras in this class, the set of
projections in the strong operator topology, has trivial homotopy groups of
all orders.
Clearly it is sufficient to prove the continuity result for normalized functionals, i.e. states. For a fixed projection p ∈ A, let Σp (A) be the set of
states of A with support equal to p, P Σp (A) the set of states with support
equivalent to p, and Sp (A) = {x ∈ A : x∗ x = p} the set of partial isometries
of A with initial space p.
If ψ is a state of A with support equivalent to p, then there exists a partial
isometry x ∈ Sp (A) and ϕ ∈ Σp (A) such that ψ = ϕ(x∗ · x), that is ψ(a) =
ϕ(x∗ ax). Namely, if supp(ψ) = q, and x such that x∗ x = p and xx∗ = q,
put ϕ(a) = ψ(xax∗ ). It is apparent that supp(ϕ) = p and ϕ(x∗ · x) = ψ.
Conversely, note that if ϕ ∈ Σp (A) and x ∈ Sp (A) then supp(ϕ(x∗ · x)) = xx∗ .
Note that Σp (A) identifies with the set of faithful and normal states of
pAp. This algebra pAp will be considered in standard form, i.e. faithfully
represented as operators on a standard Hilbert space H. As is usual, J will
denote the antiunitary involution and P ⊂ H the positive cone. Recall that
to every positive normal functional ϕ of pAp corresponds a unique vector
ξ ∈ P, such that ξ induces ϕ, or ϕ = ωξ (ωξ (a) = haξ, ξi, where h , i denotes
the inner product of H). States correspond to unit vectors, and faithful
functionals correspond to cyclic and separating vectors (for pAp). Moreover,
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the norm topology in the set of positive functionals is equivalent to the norm
topology in P (see [2], [3]).

2

Continuity of the support

The following lemma will be useful.
Lemma 2.1 Suppose that yn , x ∈ Sp (A), and ϕn , ϕ ∈ Σp (A), which are induced by vectors ξn , ξ ∈ P . Then
yn → x strongly, and ϕn → ϕ in norm
if and only if
yn ξn → xξ in H.
Proof. If ϕn → ϕ, then ξn → ξ. Then yn → x strongly and ϕn → ϕ in norm,
clearly imply that yn ξn → xξ. On the other hand, suppose that yn ξn → xξ.
Then x∗ yn ξn → x∗ xξ = pξ = ξ. The normal functionals ωx∗ yn ξn = ϕn (yn∗ x ·
x∗ yn ) converge to ωξ = ϕ in the norm topology of the conjugate space of pAp.
Consider the vectors γn = x∗ yn Jx∗ yn ξn ∈ P (note that x∗ yn ∈ pAp). Then
ωγn (a) − ϕn (yn∗ xax∗ yn ) = hax∗ yn Jx∗ yn Jξn , x∗ yn Jx∗ yn Jξn i − hax∗ yn ξn , x∗ yn ξn i
= hax∗ yn ξn , x∗ yn (Jyn∗ xx∗ yn ξn − ξn )i = hax∗ yn ξn , ∆n i.

Now kyn∗ xx∗ yn ξn − yn∗ xξk = kyn∗ x(x∗ yn ξn − ξ)k ≤ kx∗ yn ξn − ξk → 0. Also
note that yn ξn → xξ means that hx∗ yn ξn , ξi → 1 (here we use the fact that
hyn ξn , yn ξn i = hxξ, xξi = 1), or equivalently hξn , yn∗ xξi → 1, which by the same
reason means that kξn − yn∗ xξk → 0. These two facts imply that ∆n → 0.
Therefore ωγn − ϕn (yn∗ x · x∗ yn ) converges to zero in norm. It follows that
ωγn → ϕ in norm, and therefore the vectors in P inducing these functionals
converge in H, i.e. γn = x∗ yn Jx∗ yn ξn → ξ. Then
kx∗ yn ξ − ξk ≤ kx∗ yn Jξ − x∗ yn Jx∗ yn ξn k + kx∗ yn Jx∗ yn ξn − ξk
≤ kξ − x∗ yn ξn k + kx∗ yn Jx∗ yn ξn − ξk
3

where both summands tend to zero by the remarks above. Therefore
0 ≤ kyn ξ − xξk2 = kyn ξk2 + 1 − 2Rehx∗ yn ξ, ξi → 0

(using that kyn ξk ≤ 1). Since ξ is separating for pAp, it is cyclic for (pAp)0 =
pA0 . Let b0 ∈ pA0 , then yn b0 ξ = b0 pyn ξ → b0 pxξ = xb0 ξ. Since the vectors b0 ξ
are dense in H, and yn are bounded in norm, it follows that yn η → xη for all
η in the range of p (= H). Since the operators yn are all partial isometries
with initial space p, it follows that yn → x strongly. Also, we have proven
that yn∗ xξ → ξ, and yn∗ xξ − ξn → 0. Then ξn → ξ in H, which are the vectors
inducing the functionals ϕn and ϕ. Therefore, ϕn → ϕ in norm.
2
Theorem 2.2 Suppose that xn , x ∈ Sp (A) and ϕn , ϕ ∈ Σp (A). Then

ϕn (x∗n · xn ) → ϕ(x∗ · x) in the norm of the conjugate space of A

if and only there exist unitaries un ∈ pAp such that
xn un → x strongly, and ϕn ◦ Ad(un ) → ϕ in norm .

Proof. Note that ϕn ◦Ad(un )((xn un )∗ ·xn un ) = ϕn (x∗n ·xn ). If yn = xn un → x
strongly and ψn = ϕn ◦ Ad(u∗n ) → ϕ, then we must show that ψn (yn∗ · yn ) →
ϕ(x∗ · x). Note that
kψn (yn∗ ayn ) − ϕ(x∗ ax)k ≤ kψn (yn∗ ayn ) − ϕ(yn∗ ayn )k + kϕ(yn∗ ayn ) − ϕ(x∗ ax)k.

The first summand is bounded by kψn − ϕkkyn∗ ayn k ≤ kψn − ϕkkak. Suppose
that ϕ is induced by a vector η. Then ϕ(yn∗ ayn ) = hyn∗ ayn η, ηi = hayn η, yn ηi
and analogously ϕ(x∗ ax) = haxη, xηi. Since yn → x strongly, it follows that
the functionals ϕ(yn∗ · yn ) converge to ϕ(x∗ · x) in norm, a fact which deals
with the second summand.
Suppose now that ϕn (yn∗ · yn ) → ϕ(x∗ · x). Then
|ϕn (a) − ϕ(x∗ xn ax∗n x)| = |ϕn (x∗n xn ax∗n xn ) − ϕ(x∗ xn axn∗ x)|
≤ kϕn (yn∗ · yn ) − ϕ(x∗ · x)kkak.

In particular, putting a = p, one has ϕ(x∗ xn x∗n x) → 1, i.e. x∗ xn x∗n xξ → ξ in
H, where ξ ∈ P is the unique vector inducing ϕ. Indeed,
kx∗ xn x∗n xξ − ξk2 = kx∗ xn x∗n xξk2 + 1 − 2Rehx∗ xn x∗n xξ, ξi,
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and the claim follows using that kx∗ xn x∗n xξk ≤ 1 and
hx∗ xn x∗n xξ, ξi = ϕ(x∗ xn x∗n x) → 1.
Therefore, for all a ∈ pAp,
hax∗n xξ, x∗n xξi − haxn∗ xJx∗n xJξ, xn∗ xJx∗n xJξi = hax∗n xξ, x∗n xJ(ξ − x∗ xn x∗n xξ)i
Since x∗n xJ(ξ − x∗ xn x∗n xξ) → 0 in H, it follows that the induced functionals,
i.e.
ϕ(x∗ xn · x∗n x) − ωx∗n xJx∗n xJξ
tend to zero in norm. From the above remarks it follows that ϕn −ωx∗n xJx∗n xJξ →
0 in norm. Denote by ξn the vectors in P inducing ϕn . Then
x∗n xJx∗n xJξ − ξn → 0.
We claim that this implies that there exist unitaries in pAp such that xn un →
x strongly and ϕn ◦ Ad(un ) → ϕ in norm. The vector in P inducing the functional ϕn ◦ Ad(un ) is u∗n Jun∗ Jξn . By the above lemma, this claim is equivalent
as saying that there exist unitaries such that
xn un u∗n Ju∗n Jξn = xn Ju∗n Jξn → xξ
in H. Suppose that this is not the case. Then there would exist subsequences
of xn , ξn (which we shall denote again by xn and ξn ) such that for any choice
of a unitary element u in pAp, one has kxn Ju∗ Jξn − xξk ≥ d > 0. That is,
Rehxn Ju∗ Jξn , xξi ≤ 1 − d2 /2 for all unitaries u. Clearly this inequality is
preserved by taking convex combinations of unitaries, as well as norm limits
of these combinations. Therefore, by the Russo-Dye approximation theorem
(see [3]), it follows that
Rehxn Jaξn , xξi ≤ 1 − d2 /2
for all a ∈ pAp, kak ≤ 1. But this statement is in clear contradiction with
the fact proved earlier, that x∗n xJx∗n xJξ − ξn → 0 (choosing a = x∗n x for
appropriate n).
2
Now our main result follows.
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Theorem 2.3 Let Φn be states of a finite von Neumann algebra A, with
support projection equivalent to a given projection p, such that Φn → Φ in
norm, and the support of Φ is also equivalent to p. Then supp(Φn ) → supp(Φ)
strongly.
Proof. It was shown that states with support equivalent to a given projection
are of the form Φn = ϕn (x∗n ·xn ), Φ = ϕ(x∗ ·x), where supp(ϕn ) = supp(ϕ) = p
and xn , x ∈ Sp (A). By the theorem above, there exist unitaries un in pAp
such that xn un → x strongly. Since A is finite, this implies that un∗ x∗n → x∗ .
Also, since these sequences are bounded in norm, the sequence of the products
is also strongly convergent. Therefore xn un un∗ x∗n = xn x∗n → xx∗ strongly. But
as it was shown before, supp(ϕn (x∗n · xn )) = xn xn∗ and supp(ϕ(x∗ · x)) = xx∗ ,
which completes the proof.
2
It is not difficult to find an example of a sequence of faithful normal states
in B(H), which converge in norm to a non faithful state, with support an
infinite rank projection (therefore equivalent to the identity). In other words,
the result above is not valid for infinite algebras. The following example is
taken from [1].
Example 2.4 Let a ∈ B(`2 (IN)) be a trace class positive diagonal operator
with trace one, and no zero entries in the diagonal. Put ϕ(x) = T r(ax),
x ∈ B(`2 (IN)). Clearly, ϕ is faithful. Let b be the unilateral shift in `2 (IN).
Denote by qn the n × n Jordan nilpotent, and wn the unitary operator on
`2 (IN) having the unitary matrix qn + qn∗ n−1 on the first n × n corner and
the rest of the diagonal completed with 1. Then ϕ(wn∗ · wn ) is a faithful state,
supp(ϕ(b∗ · b)) = bb∗ =
6 1, and all these states have equivalent supports. We
claim that ϕ(wn∗ · wn ) converge to ϕ(b∗ · b) in the norm topology. Indeed
|ϕ(wn∗ twn ) − ϕ(b∗ tb)| = |T r(a(wn∗ twn − b∗ tb))|
≤ |T r(a(wn∗ (twn − tb))| + |T r(a(wn∗ − b∗ )tb)|.

By the Cauchy-Schwarz inequality, the first summand can be bounded by
ktk T r(a(2 − wn∗ b − b∗ wn )). Since T r(a) = 1 this term equals
ktk (2 − T r(awn∗ b + ab∗ wn )) = 2ktk
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X

k≥n

ak ,

where ak are the diagonal entries of a. It is clear that this term tends to zero
when n → ∞. The other summand can be dealt in a similar way, establishing
our claim.

3

Homotopy properties of the support

From now on we will suppose that A is a finite von Neumann algebra. Fix a
faithful normal tracial state τ . Using τ it is easy to find a copy of the set Ep of
projections on A which are equivalent to p, which in this case coincides with
the unitary orbit of p, inside the set of states with support equivalent to p.
Namely, as the set {τq : q ∈ Ep } where τq denotes the state τq (a) = τ (qa)/τ (p)
(note that τ (p) = τ (q)). Moreover, this formula defines a continuous section of
supp. Let us denote by P Σp (A) the set of states of A with support equivalent
to p.
Proposition 3.1 The map Ep → P Σp (A), q 7→ τq is a continuous section
for supp. The set Ep with the strong operator topology is homeomorphic to the
image {τq : q ∈ Ep } of this section, regarded with the norm topology (of the
conjugate space of A).
Proof. It is clear that the support of τq is q, therefore this map is a section.
Let us see that it is continuous. Let pn converge strongly to q in Ep . Suppose
A represented in a Hilbert space H in such a way that τ is given by a (tracial)
vector ν. For instance, take H = L2 (A, τ ). Then
|τ (pn a) − τ (qa)| = |h(pn − q)aν, νi| = |haν, (pn − q)νi| ≤ kakk(pn − q)νk.
Dividing by the common trace of all these projections, one obtains that τpn →
τq in norm. It remains to prove the converse, that if τpn → τq in norm for
pn , q ∈ Ep , then pn → q strongly. Since H = L2 (A, τ ) is a standard form for
A, convergence in norm of the positive functionals τpn means convergence in
H of their densities pn ν. It follows that pn ν → qν. Let a0 be an element in
the commutant of A. Then a0 pn ν = pn a0 ν → qa0 ν. Therefore pn converges to
q in a dense subset of H, namely {a0 ν : a0 ∈ A0 }. Since pn , q have norm 1, it
follows that pn → q strongly.
2
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In particular this implies that supp is an open mapping in our context.
The fibre of the map supp over each projection in P Σp (A) is convex. This
enables one to prove that in fact Ep is a strong deformation retract of P Σp (A).
Proposition 3.2 The image {τq : q ∈ Ep } of the cross section above is a
strong deformation retract of P Σp (A).
Proof. Consider the continuous map Ft (Φ) given by
Ft (Φ) = t τ (supp(Φ)·) + (1 − t)Φ,
for Φ ∈ P Σp (A) and t ∈ [0, 1]. Then F0 = Id, F1 is a retraction onto the
image of the cross section of supp (that is, essentially F1 = supp), and for all
t ∈ [0, 1] , Ft (τq ) = τq .
2
This implies that the space P Σp (A) in the norm topology has the same homotopy type as the space of projections of A in the strong operator topology.
In [4] S. Popa and M. Takesaki considered II1 factors R which when tensored with an infinite type I factor admit a one parameter group of automorphisms which scales the trace. They proved that the unitary group of such
factors is contractible in the strong operator topology. This class of algebras
includes among others the hyperfinite factor R0 . Using their results and techniques, in [1] it was proven that the set P Σp (R) in the norm topology has
trivial homotopy groups of all orders. The following result follows.
Corollary 3.3 Let R be a II1 factor with the property above. Let p ∈ R be
a projection. Then the set Ep of projections of R which are equivalent to p,
regarded with the strong operator topology, has trivial homotopy groups of all
orders.
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