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C*-Modular vector states
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Abstract. Let B be a C*-algebra and X a C* Hilbert B-module. If p € B is
a projection, denote by Sp(X) = {x € X : (z,x) = p}, the p-sphere of X.
For ¢ a state of B with support p in B and x € S,(X), consider the state ¢z
of L5(X) given by ¢z (t) = ¢({z,t(z))). In this paper we study the following
sets associated to these states, and examine their topologic properties. For a
fixed ¢ with support p,

Op = {pz 12 € Sp(X)}
and for all such ¢,
Yp.x ={¢z 1 ¢ € Sp(X) and supp(p) = p}.
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1. Introduction

Let B be a C*- algebra, X a right C*-module over B, and L5(X) the C*-algebra
of adjointable operators of X. If p € B is a projection, denote by S,(X) = {z €
X : (x,x) = p} the p-sphere of X. We shall study the states of Lg(X) which are
pure in the modular sense. That is, for a state ¢ of B and a vector x € S,(X), we
consider the state ¢, with density x, given by

pa(t) = (2, t(2))) t € Lp(X).

We require that the state ¢ has support projection p.

Ifz,y € X, let 0, , € Lg(X) be the “rank one” operator given by 0, ,(z) =
x(y, z). If (x, ) = p then the operator 0, , = e, is a selfadjoint projection, and all
projections arising in this manner, from vectors on S,(X), are mutually (Murray-
von Neumann) equivalent. It turns out that these modular, or vector states as we
shall subsequently call them, are precisely the states of Lz(X) with support of
rank one, i.e. equal to one of these projections e,.
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We are interested in the following sets of states,
Oy = {pu 11 € 5,(X))
for ¢ a fixed state in B, with support projection supp(¢) = p in B,
Y, (B) = {states of B with support p}

and

Yo x ={Ys ¢ € ,(B),z € Sp(X)}.
The (convex) set X,(B) is considered with the relative topology induced by the
usual norm of the conjugate space of B. The other two sets O, and ¥, x are
endowed with the following metrics.

1. - O, with the metric dy, d,(®,¥) = inf{||lx — y| : o = @, ¢, = U}

2. - ¥, x with the metric d, d(®, ¥) = ||® — ¥|| + ||supp(P) — supp(¥)]|.
These metrics d and d, do come up naturally if one looks for continuity of the
maps

Sp(X) = Op , ©— 0
and
SP(X) X E;D(B) - Ep,X ) (:Ca(p) = Pz

It turns out that these maps are also fibrations, a fact which enables one to examine
the homotopy theory of these spaces, comparing it with the homotopy of the
spheres S,(X) studied in [1] and [2] For example, we obtain that if pBp is a
von Neumann algebra and Xp is selfdual (as a pBp-module), then O, is simply
connected. Or that if pBp is a properly infinite von Neumann algebra, and again
Xp is selfdual, then X, x has trivial homotopy groups of all orders.

2. Preliminaries and notations

Let us establish some basic facts and notations about the vector states ¢,.
We shall be concerned with states of B that have their support in B, a fact
which holds automatically if B is a von Neumann algebra and ¢ is normal..

Each element € S,(X) gives rise to a (non unital) *-isomorphism i, :
pBp — Lp(X), ig(a) = Oyq,z-

Fix ¢ € Sp(X). Let us recall from [2] the principal fibre bundle, which we
shall call the projective bundle

p:Sp(X) — &, = {projections in L5(X) equivalent to e, }

given by p(z) = e,. Note that 5810 depends only on p and not on the choice of
o (all projections on &, —are of the form e, for some z € S,(X)). The structure
group of the projective bundle is the unitary group U,s, of pBp.

As is usual notation, if  is a faithful state of B, BY is the centralizer algebra of
©, 1.e. B? ={a € B: p(ab) = p(ba) for all b € B}. If the support supp(¢) =p < 1,
then denote by B the centralizer of the restriction of ¢ to the reduced algebra

pBp.
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Typically a,b,c will denote elements of B, x,y,z elements of X and r,s,t
elements of Lz(X). B” will denote the von Neumann enveloping algebra of B, and
X' the selfdual completion of X, which is a C*-module over B” ([11]). By fibre
bundle we mean a locally trivial fibre bundle, and by fibration we mean a surjective
map having the homotopy lifting property ([13]).

Lemma 2.1. Let ¢ be a state of B with supp(p) = p € B, and x an element in
Sp(X). Then supp(ps) = €.

Proof. Clearly p,(es) = o((x,ex(2))) = o({(z,xzp)) = p(p) = 1. Let us call r =
supp(pz) € L (X'). We have r < ey, i.e. e,r = re; = r. This implies that r is of
the form e, = 6, ,,, namely, y = r(z) € X'. Now (r(z),r(z)) = ¢ is a projection in
B, with ¢ < p. Indeed,

(r(z),r(x))(r(z),r(z)) = (r(z),r(z){r(x), r(2)))

= (1(@),0r(2) () (r(2))) = (r(@),r(2)).
And (r(x),r(x))p = (r(x),r(xp)) = (r(z),r(x)), i.e. ¢ < p. Now it is clear that
olq) = e((r(z),r(x))) = ¢({z,7(x))) = @s(r) = 1, which implies that ¢ = p,
Therefore (r(z) —x,r(z) —z) = (r(z),r(z)) + (z,2) = (r(z),z) - (z,7(2)) = 0,
since all these products equal p (because (r(z),z) = (r’(z),z) = (r(z),r(x))).
Finally, r(x) =  implies that r = e,(,) = €. O

Lemma 2.2. Let ® be a state of Lp(X) with supp(®) = e, for some x € S,(X).
Then ® = ., for ¢ a state in B with supp(¢) = p. Namely p(a) = P(ir(a)).

Proof. Put ¢ = ® o4, as above. First note that if ¢ € Lg(X), then e,te, =
Oz (z,t(2)),z- Then ¢z (t) = @(ix((x,1(2)))) = P(Or(z t(x)).c) = Plestes) = O(¢). It
remains to see that supp(y) = p. Clearly ¢(p) = ®(0,p..) = P(e;) = 1. Suppose
that ¢ < p is a projection in B” with ¢”(q) = ®(01¢,.) = 1 (¢” here denotes the
normal extension of the former ¢ to B”). Note that 0,45 = 014,09 = €xq 1s in fact
a projection (associated to zg € S;(X’)), and verifies eyq < e,. It follows that
Ozg2q = 0z Then xq = 0,4 zq(x) = 05 »(z) = z, and therefore ¢ = p. O

Remark 2.3. If B is a von Neumann algebra, the inner product of X is weakly
continuous and the state ® of the preceding result is normal, then ¢ = ® o i, is
also normal.

Proposition 2.4. Let ¢, p € £,(B), z,y € Sp(X). Then
a) @z =P, if and only if ¢ = .
b) ¢z =1y, if and only if Y = p o Ad(u), with y = zu and u € Uppy,.
c) ¢z =@y if and only if y = v, for v a unitary element in By.
Proof. Let us start with a): ¢(b) = 05 (0zb.2) = Vo (0up,z) = (D).

To prove b), suppose that ¢, = 1,,. Then they have the same support, i.e.
ex = ey, which implies that there exists a unitary element u € Upp, such that
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y = zu (see [2]). Then

Pa(t) =y (t) = ¥({zu, t(zu))) = P(u™(z, t(z))u) = [ o Ad(u")]s(t).
Using part a), this implies that ¢ = 1) o Ad(u*), or ¥ = ¢ o Ad(u).

To prove c), use b), and note that the unitary element v € Uppg, satisfies
¢ =@oAd(u),ie. uc Bf. O

3. The set O,

In this section we shall consider the set O, = {¢, : ¢ € S,(X)} for a fixed state
o of B with supp(y) = p. Note that in the particular case when X = B is a finite
von Neumann algebra and p = 1, then O, is just the unitary orbit of ¢. In the
general case, there is a canonical map

0:8,(X) = O, o(x) = ps.
Let us consider the following natural metric in O,:

dcp(@m@y) = inf{”z’ - y/H : x/’y/ € Sp(X)vQOm/ = Pz, Py = ‘Py}

It is clear that this metric induces the same topology as the quotient topology
given by the map o, also, that in view of 2.4 it can be computed as follows:

dy(pz, py) = inf{|lz — yvl| : v unitary in Bf}.

First note that this is indeed a metric. For instance, if dy (¢4, ¢,) = 0 then
there exist unitaries v, in By such that ||z —yv,| — 0, ie. yv, — = in §p(X).
In particular yv,, is a Cauchy sequence, and therefore v,, is a Cauchy sequence,
converging to a unitary v in Bf. Then z = yv and ¢, = ¢,. The other properties
follow similarly.

With this metric, O, is homeomorphic to the quotient S,(X)/Ugs. The

following result implies that the inclusion O, C B* (=conjugate space of B) is
continuous.

Lemma 3.1. If x,y € Sp(X), then ||ps — @yl < 2|z —y||. In particular
oz — @yl < 2dy(@as py)

where the norm || || of the functionals denotes the usual norm of the conjugate
space B*

Proof. Tt € L(X), then [x(t) — ¢y ()] < |p({(z, t(x —y))| + [¢((z —y, ty))|. Now
by the Cauchy-Schwarz inequality ||(z,t(x—y))|| < ||t]] |z —yl, and ||[{(z—y, ty)|| <
|z — y|| |It]]. Then |z (t) — @y (t)|| < 2[t] ||z — yl|, and the result follows. O

We want the map o : Sp(X) — O, to be a locally trivial fibre bundle. In
order to obtain it we make the following assumption:

Hypothesis 3.2. There exists a conditional expectation E, : pBp — By
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This is the case if for example B is a von Neumann algebra and ¢ is normal.
For the remaining of this section, we suppose that 3.2 holds.

Theorem 3.3. The map o : Sp(X) — Oy, 0(z) = ¢, is a locally trivial fibre bundle.
The fibre of this bundle is the unitary group Ugs of BY .

Proof. Since the spaces are homogeneous spaces, it suffices to show that there
exist continuous local cross sections at every point x¢ of S,(X). Suppose that
dp(Pzs Pz,) < r < 1. Then there exists a unitary operator v in Bf such that
[lxv — x0]] < 1. Then

lp — (zv, o) || = {0, z0) — {2V, 20)|| = [[(T0 — TV, 20)|| < |lT0 — 20| < 1

It follows that (xv, ) is invertible in pBp. Therefore, one can find r such that also
Ey((zv,20)) = v*Ey((x,20)) is invertible in BY. Then E,((x,z¢)) is invertible.
Let us put

Mo (Pz) = CU/J(E@(@, 330)))

defined on {¢, : dy (Y, Yz,) < r}, where p denotes the unitary part in the polar
decomposition (of invertible elements) in Bf: ¢ = u(c)(c*c)'/2. First note that 1y,
is well defined. If 2’ is a vector in the fibre of ¢,,, then 2’ = zv for v € Upg. Then
' u(Ey ({2, x0))) = zvp(v* E,((x, x0))) = xpu(Ey((x, 20))), where the last equality
holds because p(ua) = up(a) if u is unitary. Next, 75, (0z,) = op(Ep((To,z0))) =
rg, and 17, is a cross section for o, because pu(E,({z,z0))) is a unitary in Bf.
Finally, let us see that 7., is continuous. Suppose that dy(¢s,,¥z) — 0, then
there exist unitaries v, in B such that z,v, — x. Then by the continuity of the
operations, x,Vn(Ey((Xnvn,%0))) = Tpi(Ey((Tn, o)) — xu(Ey((x,0))), ie.,
Nao (Tn) = Ny (). Tt is clear from 2.4 that the fibre is Uge. Namely, o' (¢,) =
{zv:v € Ugg}. Note that zv,, — zv in o (¢s) € Sp(X) if and only if v,, — v in
Usse- 0

We shall use the following result, which is a straightforward fact from the
theory of fibrations

Lemma 3.4. Suppose that one has the following commutative diagram

E = X
N\ T2 lp
Y.

where B, X,Y are topological spaces, w1, o are fibrations and p is continuous
and surjective. Then p is also a fibration.

There is another natural bundle associated to O, which is the mapping

ng - Sev P > €,
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where e is any projection of the form ey, for some zy € Sp(X). Since e, =
supp(p,), we shall call this map supp. In general, taking support of positive func-
tionals does not define a continuous map. However it is continuous in this context,
i.e. restricted to the set O, with the metric d,,. Indeed, as seen before, convergence
of ¢z, — ¢, in this metric implies the existence of unitaries v, of Bf C pBp such
that ,v,, — 2 in Sp(X). This implies that ey, ., = €5, — e;. Moreover, one has

Theorem 3.5. The map supp : O, — &, is a fibration with fibre Upo/UB;’~ One
has the following commutative diagram of fibre bundles

Sp(X) = O,

N l supp
Ee.
Proof. That the diagram commutes is apparent. Since p and o are fibre bundles,
it follows using 3.4 that supp is a fibration. Note that if e, = e,, then there
exists u € Uppp such that y = zu. Then ¢, = @, = (p o Ad(u*)),, therefore
supp(e;) = {(¢ o Ad(u*))s : u € Uppp}. In 2.4 it was shown that ¢, = 9,
(where ¢ and v are states of B with support p) implies ¢ = 1. So {p o Ad(u) :
u € Uppp} parametrizes the fibres of supp, and clearly this set is in one to one
correspondence with Uy,s,/Ugs. Now (p o Ad(uy))s — (p 0 Ad(u)), in O, if and
only if infyev,, [[2un — zuv|| = infyev,, [[un, — uv|, i.e. the class of u, tends to
the class of u in Upp,/Ugs (With the quotient topology induced by the norm of
B). O

One can use the homotopy exact sequences of these bundles to relate the
homotopy groups of Oy, Sp(X), &, Upnp, Ups and Upp,/Ups . Namely:

.- -Wn(UB;fvp) - Wn(sp(X)axO) = ﬂ'n(ogaa ‘Pwo) - 7"'71—1(Ul’j’;§’7p) ...
where zg is a fixed element in S,(X), and

supp.,
s ﬂn(Upo/UBﬁv [p]) - '/Tn(oapa ‘Pmo) i

supp.,
— "m0 (€, ez0) = Tn1(Upsp/Uge, [p]) — - ..
with ¢ a fixed state in X,(B).

The first result uses simply the fact that ¢ is continuous and surjective.

Corollary 3.6. If pBp is a finite von Neumann algebra, then O, is arcwise con-
nected.

Proof. If pBp is finite, it was shown in [2] that S,(X) is connected. O

Corollary 3.7. If pBp is a von Neumann algebra and the restriction of ¢ to pBp is
normal, then

T1(Op, 0z) = mi(Ee, €z).
If moreover Xp is selfdual, then w1 (O, ¢g) = 0.
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Proof. The proof follows by applying the tail of the homotopy exact sequence of
the bundle supp, recalling from [4] that the fibre Upp,/Upg is simply connected.
In the selfdual case, it was proven in [2] that the connected components of &, are
simply connected. O

Corollary 3.8. If pBp is a von Neumann algebra, ¢ restricted to pBp is normal
and Xp is selfdual, then, for a fized z9 € Sp(X), the inclusion map

i:Ugs — Sp(X), v xov
induces an epimorphism
Z.* : 7"-I(leggap) — Wl(Sp(X),xo)-

Proof. This time use the homotopy exact sequence of ¢, and the fact that in this
case T (O, ¢z,) = 0. O

In other words, this result says that regardless of the size of the selfdual
module X, any closed continuous curve z(t) € S,(X) with z(0) = z(1) = =0
is homotopic to a closed curve of the form xz((t) = xov(t), with v(t) a curve of
unitaries in BY with v(0) = v(1) = p.

Corollary 3.9. Suppose that X is selfdual. If either

a) pBp is a properly infinite von Neumann algebra,
or
b) pBp is a von Neumann algebra of type I, with Lg(X) properly infinite,
then forn > 1
ﬂ-n(otpa pro) = Trn—l(UB:fap)'

Proof. In both cases, a) and b), one has that S,(X) is contractible (see [2]). There-
fore the proof follows writing down the homotopy exact sequence of the fibre bundle
. O

Situation b) occurs for example if pBp is a II; factor and Xp is not finitely
generated over pBp.

Finally let us state an analogous result for general C*-algebras B (under the
hypothesis 3.2) for the module X = Hg = B ® (2. Here we use the fact [2], that
S,(Hp) is contractible. The proof follows similarly.

Corollary 3.10. If 3.2 holds, and X = Hp, then forn > 1
ﬂ—n(Otpv 80270) = Tr’ﬂfl(UBfﬂp)'

These two results establish that in these cases, if UB;; is connected, then
71(Op, Ya,) is trivial. This is granted if pBp is a von Neumann algebra. However,
note that mo(Oy, ¢z,) is not trivial. This is because B is a finite von Neumann
algebra and therefore Uge has non trivial fundamental group (see [7], [12]).
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4. Vector states in Lz(X)

In 2.2 it was shown that a state ® of Lz(X) with support e = e, for some
x € §p(X) is of the form ® = ¢, for some state ¢ in B with support p. Recall that
we denote by X,(B) the set of states of B with support p, and by ¥, x the set of
states of L£5(X) with support equivalent to e. In other words, %), x = Uges, (8)Op-
One has the assignment

SP(X) X EP(B) - ZP,X ) (C(J,(p) = Pz

Remember that ¢, = 1, with ¢,¢ € ¥,(B), z,y € Sp(X) if and only if
1 = o Ad(u) with y = zu and u € Uy, (see 2.4 part c)).

The unitary group U,g, acts both on S,(X) and ¥,(B). We may consider
the diagonal action on S,(X) x £,(B), defined by w.(z,¢) = (zu, o Ad(w)). It
follows that if we denote the quotient

Sp(X) x Bp(B) /{(,0) ~ (wu,p 0 Ad(u)),u € Uppp} := Sp(X) Xu,5, Xp(B)
(as is usual notation), then the assignment above induces a bijection
Sp(X) X, Lp(B) =%, x.

If we endow S,(X) xp,,, Xp(B) with the quotient topology (where S,(X) and
Y, (B) are considered with the norm topologies), a natural question is what topol-
ogy does this bijection induce in ¥, x. The following result states that convergence
of a sequence in the quotient topology is equivalent in ¥, x to convergence (in
norm) of the states and their supports.

Proposition 4.1. Consider in X, x the metric d given by
d(®, V) = [|® — V|| + [[supp(®) — supp(¥)].

Then the metric space (X, x,d) is homeomorphic to Sp(X) Xv, s, Lp(B), where
the homeomorphism is given by the above bijection.

Proof. Denote by [(z, )] the class of (z,¢) in Sp(X) X, Xp(B). Suppose that
[(Zn, ©n)] converge to [(z,¢)] in Sp(X) Xy, s, Lp(B). Then there exist unitaries uy,
in pBp such that z,u, tends to x and ¢, o Ad(u,) tends to ¢ in the respective
norms. By continuity of the inner product, it is clear then that e,, = 6, ., =
O pun,enun — €z a0d ©n, = (¢n © Ad(Un))z,u, — Pz, and therefore the assign-
ment [(z,¢)] — @, is continuous. On the other direction, suppose that d(®,,, ®)
tends to zero. There exist ¢, p € ¥,(B) and x,, 2 € S,(X) such that ®,, = ¢,
and ® = ¢,. We have that supp(®,) = ez, — supp(®) = e,. Now e, = p(zn),
ex = p(x), and p : Sp(X) — & is a fibre bundle with fibre U,p,, therefore there ex-
ist unitaries u,, in pBp such that x,u, — x. We may replace the z,, by ¥, = T, uy,
and @, by ¥n = ¢, o Ad(u,), and still have ®,, = ¢, , with y,, — x. We claim
that ¥, — ¢. Indeed, if a € B, by a typical argument

[¥n(a)=p(a)] = |Pn(by,a,y,) = P(Oraz)| < [ Pnllll0y,a.y, —bza.

[+ 127 =@ [||0za,
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The first summand is bounded by (using the Cauchy-Schwarz inequality)

10,5 =0za,2ll < 10y, ay,—al+10y.a—zazll < ynllllallllyn—2l+llyn —z(llal]z],

which equals 2||a||||yn — z||. The other summand equals ||®,, — ®||||a||. It follows
that [(yn, ¥n)] = [(n, pn)] = [(z,¢)]. O

Since ||® — ¥| < d(®,7P), it is clear that the inclusion of (¥, x,d) in
(La(X)*, | |I) is continuous. The following example shows that the topology given
by the metric d in ¥, x does not coincide with the norm topology of the conjugate
space of Lz(X). In other words, that convergence of the vector states (which a
priori have equivalent supports) does not imply convergence of the supports.

Ezample. Let B= D C B({?(IN)) be the subalgebra of diagonal matrices (with re-
spect to the canonical basis). Consider the conditional expectation E : B(¢£?(IN)) —
D which consists on taking the diagonal entries. Let a € D be a trace class pos-
itive diagonal operator with trace one, and no zero entries in the diagonal. Put
o(z) = Tr(azx), = € B({*(IN)). Clearly, ¢ is faithful and B(¢?(IN))¥ = D. Let b
be the unilateral shift in £2(IN). Denote by g, the n x n Jordan nilpotent, and w,,
the unitary operator on ¢?(IN) having the unitary matrix g, + ¢ "~ ! on the first
n X n corner and the rest of the diagonal completed with 1.

We shall consider the D-right module X as the completion of B(¢?(IN)) with
the D-valued inner product given by E, ie. (z,y) = E(z*y), x,y € B({*(IN)).
Note that X is also a B(£2(IN))-left module, and so the elements of B(¢?(IN))
act as adjointable operators in X. Consider the faithful state ¢ of D equal to the
restriction of the former ¢. The elements w,, and b lie in the unit sphere of X.

We claim that the projections e,, do not converge to e,. Suppose that they
do converge, again using that the map x — e, is a bundle, there would exist
unitaries v, € D such that wyv, — b in S1(X). In [4] it was shown that the
element b cannot be approximated by unitaries of B(¢?(IN)) in the norm topology
of the module X.

On the other hand, the states ¢, converge to ¢ in the norm topology of
the conjugate space of Lz(X). Indeed

|Pw, (1) = @p ()] = [T (a((wn, t(wn)) = (b,1(D))))]

< [T (a({wn, t(wn) = 1(0))))] + [Tr (a({wn = b, £(b))))] -

The first summand can be bounded by ||t Tr(a(2 — E(wkd) — E(b*w,))). Since
Tr(a) =1 and E is trace invariant, this term equals

Itl] (2 — Tr(awsb + ab w,)) = 2[t] > ax,
k>n

where ay, are the diagonal entries of a. It is clear that this term tends to zero when
n — 00. The other summand can be dealt in a similar way, establishing our claim.
Summarizing, the states ¢, converge but their supports e,,, do not.
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Next we shall see that the quotient map
P11 Sp(X) x EP(B) — Sp(X) XUpsp ZP(B) , ooz, e) = [(z,0)]

and the projection

02 0 Sp(X) Xv,p, Tp(B) = Sp(X)/Upsp , p2([(,9)]) = [2]
are fibrations. Equivalently, if ¥, x is considered with the topology induced by the
metric d, the maps (z, ) — ¢, and @, — e, are fibrations. In what follows, for
brevity, we shall use ¥, x (considered with the metric d) instead of S,(X) Xy,
Y, (B). Therefore p1(z, ¢) = ¢q.

Theorem 4.2. The map 1 : Sp(X) X Z,(B) — p, x, p1(z, ¢) = @g is a principal
fibre bundle with fibre Uppyp.

Proof. Tt suffices to exhibit a local cross section around a generic base point ¢,.. We
claim that there is a neighborhood of ¢, such that elements v, in this neighbor-
hood satisfy that (y,z) is invertible. Indeed, if d(p4,y) < 7, then ||e, — ey < 7.
If we choose 7 small enough so that e, lies in the ball around e, in which a local
cross section of p(z) = e, is defined, then there exists a unitary w in pBp such that
||z — yu|| < 1. Note that

Ip = (yu, )| = [{z — yu, 2}|| < [lz — yul <1.

Then (yu,z) = u*(y,z) is invertible in pBp, and therefore also (y,z). In this
neighborhood put

s(y) = (yp((y, =), ¥ o Ad(u((y, x))),

where ;1 denotes the unitary part in the polar decomposition of invertible elements
in pBp as before. We claim that s is well defined, is a local cross section and is
continuous.

Suppose that 1, = z/J;,, then there exits a unitary u in pBp such that ¢y = yu
and ¢ = ¢’ o Ad(u). Then y'n((y', z)) = yup(u™(y,z)) = yu((y,z)). Also, ¢' o
Ad(u((y/2))) = o Ad(w) o Ad((u* (y, 2))) = o Ad(u) o Ad(u*) o Ad(pu((y, x))) =
P o Ad(p((y, z)))-

That it is a cross section is apparent. Let us see that s is continuous. Sup-
pose that v, — ¢}, for ¢}, in the neighborhood of ¢, where s is defined.
This implies that there exist unitaries w, in U,p, such that y,u, — z’ and
Y 0 Ad(u,) — ¢’ in the norm topologies. The continuity of the inner product
implics that Yottt (Yutin, ) = Ynfa((yns2)) — a'u((@,2)). Also b, 0 Ad(un) o
Ad(((gtin,))) = o © Ad(({yns ) — ' 0 Ad(u((a’, ). 0

Next we consider the map g2 : X, x — Sp(X)/Uppp- Recall that S,(X)/Upsp
is homeomorphic to &., where the homeomorphism is given by [z] — e;. The
following result states that taking support of a state in ¥, x (regarded with the d
topology) is a fibration.

Theorem 4.3. The map 2 : Lp x — Sp(X)/Upsp, given by p2(py) = [z] is a
fibration with fibre X, (B).
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Proof. Consider the diagram

Sp(X) x Xp(B) e Ypx
\ p J{ ©2
SP(X)/UPBP7

where p is given by p(z, ) = [z]. Clearly p is a fibre bundle, because it is the
composition of the projective bundle x +— [z] with the projection (z,¢) — z. The
map g; was shown to be a fibration. It follows from 3.4 the g5 is a fibration. The
fibre g, *([z]) consists of all states ¢, with [y] = [z]. Then there exists u € Uypg,
such that ¢, = (poAd(u*)),, so that one may fix « (and not just [z]). Now ¢, = ¢,
implies ¢ = 1. It follows that the fibre over [z] is the set {¢, : ¢ € ¥,(B)}, which
identifies with 3,(B). O

We will use the fibrations g; and g2 to obtain information about the homo-
topy type of these spaces.

As in the previous section, applying the homotopy exact sequences of these
fibrations, one obtains

o Upp8) = Tl Sp(X) x Sp(B), (0, 0)) 2"

(P—IQ* Wn(EZth(pzo) - Tnfl(Upo’p) B

and

(92)«
. -Wn(zp(B)a p) — W?L(Ep,Xa Sﬁxo) = (&, ezco) - Wn—l(zp(B)v ©) .-

First note that since X, (B) is convex, S,(X) x X, (B) has the same homotopy
type as Sp(X), and
7o (Spx) = (€.

Corollary 4.4. The space Sp(Hp) x X,(B) is contractible.
Proof. It was remarked in the preceding section that S,(Hpg) is contractible. O
Corollary 4.5. For g € £,(B) and zy € Sp(Hp) fized,

Tn (Sp,Hp> P02y ) = Tn-1(Upsp,p), n > 1.

In particular, if Upp, is connected, m (EP,HB,QDOzO) = 0. If moreover pBp is a
properly infinite von Neumann algebra, ¥, i, has trivial homotopy groups of all
orders.

Proof. The first fact follows from the contractibility of S,(Hp) x X,(B), which
implies that in the homotopy sequence 7 (S,(Hg) x X,(B ) (po0,20)) = 0 for all
k. The second fact follows using that Up,g, is connected. Using that ([6]) if pBp is
properly infinite, then Upg, is contractible, it follows that

ﬂ-n(ZP’HBv @Owo) =0
for all n > 0. O



12 Esteban Andruchow and Alejandro Varela IEOT

One can be more specific, since the homotopy groups of the unitary group of
a C*-algebra (at least for n = 1) have been computed in many cases ([7], [12], [15]).
For example, in the von Neumann algebra case, one can compute the fundamental
group of the unitary group in terms of the type decomposition of the algebra.

Corollary 4.6. If pBp is a finite von Neumann algebra, then ¥, x is connected.
Proof. It was noted before that if pBp is finite, then S,(X) is connected. O

Corollary 4.7. If pBp is a properly infinite algebra, then for n >0

Tn, (EP:X’ @Oxo) = Wn(Sp(X)v 330)-
If moreover Xp is selfdual, then

Tn (E%X’ 90010) =0
for all n > 0.

Proof. The proof follows writing the homotopy exact sequence of ;. If pBp is
properly infinite, its unitary group is contractible. If moreover Xp is selfdual, it
was pointed out before that S,(X) is contractible. O

We turn now our attention to the bundle po.

Corollary 4.8. If pBp is a von Neumann algebra and Xp is selfdual, then the group
m1(Zp.x, pz) is trivial.

Proof. Tt was shown in [2] that 71 (&.,) =0 O

Remark 4.9. There is another map related to this situation, namely the other
projection s,

031 Zp x — p(B)/Upsyp, 03(02) = [¢].
This map is well defined and continuous, and if one goes back to the notation
Sp(X) Xu,ps, Lp(B), p3 is the map (z, ) — ¢ at the quotient level,

[(z, )] = [g]-
However this map is not, in general, even a weak fibration. To see this consider
the case when X = B is a finite algebra, and p = 1. Here Lg(B) = B and X1 5
consist of the states of B with support equivalent to 1 (note that € S;(X) verifies
x*r =1, ie. x € Ug, and e, = 1). That is, ¥ g is the set of faithful states of B
(= £1(B) in our notation). It follows that s is just the quotient map

¥1(B) — X1(B)/Up.

Moreover, take B = M,,(C) (n < co). Then the quotient map above is not a weak
fibration. Indeed, both sets X1 (M, (C)) and X (M, (C))/Uy,, g, are convex metric
spaces. The latter can be identified, using the density matrices, to the n-tuples
of eigenvalues (A1, ..., A,) arranged in decreasing order and normalized such that
> Ax = 1, with the ¢; distance. If this quotient map were a weak fibration, then
the fibre would have trivial homotopy groups of all orders. This is clearly not the
case, since the fibre is the unitary group U(n) of M, (C).
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Remark 4.10. The set O, lies inside X, x, namely as the states ¢, with ¢ fixed.
If one regards O, with the metric d, and X, x with the metric d, it is clear that
the inclusion is continuous. Indeed, it was noted that supp is continuous in O,,.
Therefore if d, (¢, , ) — 0, then e, — e, which implies that d(¢g,,,vz) — 0.

However, the identity mapping (O, d,) — (O, d) is not (in general) a home-
omorphism. Indeed, take X = B and ¢ faithful. Then O, is the unitary orbit
{poAd(u) : u € Ug} ~ Up/Upe, and it is clear that d,, induces the same topology
as the quotient topology (Up with the norm topology). On the other hand, 3, x
coincides in this case with 3, (B) the set of faithful states of B, and the metric d is
just the usual norm of the conjugate space B*. In [3] it was shown that in general,
the unitary orbit does not have norm continuous local cross sections to the unitary
group, but it does have local cross sections which are continuous in the quotient
topology Ug/Upe.

Remark 4.11. The metric d(®, ¥) = ||® — ¥|| + ||supp(P) — supp(¥)|| in the state
space of Lz(X) is weird. For example, in this metric, £, x is open. Moreover, any
state ¢ of Lz(X) such that d(¥,%, x) < 1, actually lies in ¥, x. Indeed, if ® is
a state of Lz(X), and d(®,¢,) < 1 for some z € S,(X) and ¢ € X,(B), then
[[supp(®) — e|| < 1, and therefore supp(®) and e, are unitarily equivalent. That
is supp(®) = ey, with y = U(x) for some unitary U in L£5(X). Then, by 2.2, there
exists ¢ € £,(B) such that & =, € £, x.

However, if X = B and B is finite dimensional, then the topology of the
d-metric coincides in ¥, g with the usual norm topology. Indeed, it suffices to see
that the map ¢, — e, is continuous in the norm topology. Since we are in the finite
dimensional case, it suffices to argue with (positive) density matrices, with trace
1. Note that the states of the form ¢, have equivalent supports, i.e. their density
matrices have kernels with the same dimension. Suppose that a,, is a sequence of
positive matrices with trace 1 and nul(a,) = k, converging in norm to the matrix
a, also with (a priori) nul(a) = k. Then the projections Pgerq, onto the kernels
converge in norm to Pl o. Indeed, we claim that one can find an open interval
around zero and an integer ng such that for n > ng no eigenvalue of a,, (other
than zero) lies inside this interval. And by a routine spectral theoretic argument,
one has that Piera, — Pkera. If one could find no such interval, then there would
exist a sequence A, > 0 such that )\, is an eigenvalue of a,, and A\, — 0. If ¢, is
the spectral projection corresponding to A, then a,, = b, + A\,qn. Then b, — a,
where nul(a) = k and nul(b,) < k, which cannot happen.
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