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Abstract. Let B be a C∗-algebra and X a C∗ Hilbert B-module. If p ∈ B is
a projection, denote by Sp(X) = {x ∈ X : 〈x, x〉 = p}, the p-sphere of X.
For ϕ a state of B with support p in B and x ∈ Sp(X), consider the state ϕx

of LB(X) given by ϕx(t) = ϕ(〈x, t(x)〉). In this paper we study the following
sets associated to these states, and examine their topologic properties. For a
fixed ϕ with support p,

Oϕ = {ϕx : x ∈ Sp(X)}
and for all such ϕ,

Σp,X = {ϕx : x ∈ Sp(X) and supp(ϕ) = p}.
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1. Introduction

Let B be a C∗- algebra, X a right C∗-module over B, and LB(X) the C∗-algebra
of adjointable operators of X. If p ∈ B is a projection, denote by Sp(X) = {x ∈
X : 〈x, x〉 = p} the p-sphere of X. We shall study the states of LB(X) which are
pure in the modular sense. That is, for a state ϕ of B and a vector x ∈ Sp(X), we
consider the state ϕx with density x, given by

ϕx(t) = ϕ(〈x, t(x)〉) t ∈ LB(X).

We require that the state ϕ has support projection p.
If x, y ∈ X, let θx,y ∈ LB(X) be the “rank one” operator given by θx,y(z) =

x〈y, z〉. If 〈x, x〉 = p then the operator θx,x = ex is a selfadjoint projection, and all
projections arising in this manner, from vectors on Sp(X), are mutually (Murray-
von Neumann) equivalent. It turns out that these modular, or vector states as we
shall subsequently call them, are precisely the states of LB(X) with support of
rank one, i.e. equal to one of these projections ex.
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We are interested in the following sets of states,

Oϕ = {ϕx : x ∈ Sp(X)}
for ϕ a fixed state in B, with support projection supp(ϕ) = p in B,

Σp(B) = {states of B with support p}
and

Σp,X = {ψx : ψ ∈ Σp(B), x ∈ Sp(X)}.
The (convex) set Σp(B) is considered with the relative topology induced by the
usual norm of the conjugate space of B. The other two sets Oϕ and Σp,X are
endowed with the following metrics.

1. - Oϕ with the metric dϕ, dϕ(Φ, Ψ) = inf{‖x− y‖ : ϕx = Φ, ϕy = Ψ}.
2. - Σp,X with the metric d, d(Φ,Ψ) = ‖Φ−Ψ‖+ ‖supp(Φ)− supp(Ψ)‖.

These metrics d and dϕ do come up naturally if one looks for continuity of the
maps

Sp(X) → Oϕ , x 7→ ϕx

and
Sp(X)× Σp(B) → Σp,X , (x, ϕ) 7→ ϕx.

It turns out that these maps are also fibrations, a fact which enables one to examine
the homotopy theory of these spaces, comparing it with the homotopy of the
spheres Sp(X) studied in [1] and [2] For example, we obtain that if pBp is a
von Neumann algebra and Xp is selfdual (as a pBp-module), then Oϕ is simply
connected. Or that if pBp is a properly infinite von Neumann algebra, and again
Xp is selfdual, then Σp,X has trivial homotopy groups of all orders.

2. Preliminaries and notations

Let us establish some basic facts and notations about the vector states ϕx.
We shall be concerned with states of B that have their support in B, a fact

which holds automatically if B is a von Neumann algebra and ϕ is normal..

Each element x ∈ Sp(X) gives rise to a (non unital) ∗-isomorphism ix :
pBp → LB(X), ix(a) = θxa,x.

Fix x0 ∈ Sp(X). Let us recall from [2] the principal fibre bundle, which we
shall call the projective bundle

ρ : Sp(X) → Eex0
= {projections in LB(X) equivalent to ex0}

given by ρ(x) = ex. Note that Eex0
depends only on p and not on the choice of

x0 (all projections on Eex0
are of the form ex for some x ∈ Sp(X)). The structure

group of the projective bundle is the unitary group UpBp of pBp.
As is usual notation, if ϕ is a faithful state of B, Bϕ is the centralizer algebra of

ϕ, i.e. Bϕ = {a ∈ B : ϕ(ab) = ϕ(ba) for all b ∈ B}. If the support supp(ϕ) = p < 1,
then denote by Bϕ

p the centralizer of the restriction of ϕ to the reduced algebra
pBp.
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Typically a, b, c will denote elements of B, x, y, z elements of X and r, s, t
elements of LB(X). B′′ will denote the von Neumann enveloping algebra of B, and
X ′ the selfdual completion of X, which is a C∗-module over B′′ ([11]). By fibre
bundle we mean a locally trivial fibre bundle, and by fibration we mean a surjective
map having the homotopy lifting property ([13]).

Lemma 2.1. Let ϕ be a state of B with supp(ϕ) = p ∈ B, and x an element in
Sp(X). Then supp(ϕx) = ex.

Proof. Clearly ϕx(ex) = ϕ(〈x, ex(x)〉) = ϕ(〈x, xp〉) = ϕ(p) = 1. Let us call r =
supp(ϕx) ∈ LB′′(X ′). We have r ≤ ex, i.e. exr = rex = r. This implies that r is of
the form ey = θy,y, namely, y = r(x) ∈ X ′. Now 〈r(x), r(x)〉 = q is a projection in
B′′, with q ≤ p. Indeed,

〈r(x), r(x)〉〈r(x), r(x)〉 = 〈r(x), r(x)〈r(x), r(x)〉〉

= 〈r(x), θr(x),r(x)(r(x))〉 = 〈r(x), r(x)〉.
And 〈r(x), r(x)〉p = 〈r(x), r(xp)〉 = 〈r(x), r(x)〉, i.e. q ≤ p. Now it is clear that
ϕ(q) = ϕ(〈r(x), r(x)〉) = ϕ(〈x, r(x)〉) = ϕx(r) = 1, which implies that q = p,
Therefore 〈r(x) − x, r(x) − x〉 = 〈r(x), r(x)〉 + 〈x, x〉 − 〈r(x), x〉 − 〈x, r(x)〉 = 0,
since all these products equal p (because 〈r(x), x〉 = 〈r2(x), x〉 = 〈r(x), r(x)〉).
Finally, r(x) = x implies that r = er(x) = ex. ¤

Lemma 2.2. Let Φ be a state of LB(X) with supp(Φ) = ex for some x ∈ Sp(X).
Then Φ = ϕx for ϕ a state in B with supp(ϕ) = p. Namely ϕ(a) = Φ(ix(a)).

Proof. Put ϕ = Φ ◦ ix as above. First note that if t ∈ LB(X), then extex =
θx〈x,t(x)〉,x. Then ϕx(t) = Φ(ix(〈x, t(x)〉)) = Φ(θx〈x,t(x)〉,x) = Φ(extex) = Φ(t). It
remains to see that supp(ϕ) = p. Clearly ϕ(p) = Φ(θxp,x) = Φ(ex) = 1. Suppose
that q ≤ p is a projection in B′′ with ϕ′′(q) = Φ(θxq,x) = 1 (ϕ′′ here denotes the
normal extension of the former ϕ to B′′). Note that θxq,x = θxq,xq = exq is in fact
a projection (associated to xq ∈ Sq(X ′)), and verifies exq ≤ ex. It follows that
θxq,xq = θx,x. Then xq = θxq,xq(x) = θx,x(x) = x, and therefore q = p. ¤

Remark 2.3. If B is a von Neumann algebra, the inner product of X is weakly
continuous and the state Φ of the preceding result is normal, then ϕ = Φ ◦ ix is
also normal.

Proposition 2.4. Let ψ,ϕ ∈ Σp(B), x, y ∈ Sp(X). Then

a) ϕx = ψx if and only if ϕ = ψ.
b) ϕx = ψy if and only if ψ = ϕ ◦Ad(u), with y = xu and u ∈ UpBp.
c) ϕx = ϕy if and only if y = xv, for v a unitary element in Bϕ

p .

Proof. Let us start with a): ϕ(b) = ϕx(θxb,x) = ψx(θxb,x) = ψ(b).

To prove b), suppose that ϕx = ψy. Then they have the same support, i.e.
ex = ey, which implies that there exists a unitary element u ∈ UpBp such that
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y = xu (see [2]). Then

ϕx(t) = ψy(t) = ψ(〈xu, t(xu)〉) = ψ(u∗〈x, t(x)〉u) = [ψ ◦Ad(u∗)]x(t).

Using part a), this implies that ϕ = ψ ◦Ad(u∗), or ψ = ϕ ◦Ad(u).
To prove c), use b), and note that the unitary element u ∈ UpBp satisfies

ϕ = ϕ ◦Ad(u), i.e. u ∈ Bϕ
p . ¤

3. The set Oϕ

In this section we shall consider the set Oϕ = {ϕx : x ∈ Sp(X)} for a fixed state
ϕ of B with supp(ϕ) = p. Note that in the particular case when X = B is a finite
von Neumann algebra and p = 1, then Oϕ is just the unitary orbit of ϕ. In the
general case, there is a canonical map

σ : Sp(X) → Oϕ, σ(x) = ϕx.

Let us consider the following natural metric in Oϕ:

dϕ(ϕx, ϕy) = inf{‖x′ − y′‖ : x′, y′ ∈ Sp(X), ϕx′ = ϕx, ϕy′ = ϕy}
It is clear that this metric induces the same topology as the quotient topology
given by the map σ, also, that in view of 2.4 it can be computed as follows:

dϕ(ϕx, ϕy) = inf{‖x− yv‖ : v unitary in Bϕ
p }.

First note that this is indeed a metric. For instance, if dϕ(ϕx, ϕy) = 0 then
there exist unitaries vn in Bϕ

p such that ‖x − yvn‖ → 0, i.e. yvn → x in Sp(X).
In particular yvn is a Cauchy sequence, and therefore vn is a Cauchy sequence,
converging to a unitary v in Bϕ

p . Then x = yv and ϕx = ϕy. The other properties
follow similarly.

With this metric, Oϕ is homeomorphic to the quotient Sp(X)/UBϕ
p
. The

following result implies that the inclusion Oϕ ⊂ B∗ (=conjugate space of B) is
continuous.

Lemma 3.1. If x, y ∈ Sp(X), then ‖ϕx − ϕy‖ ≤ 2‖x− y‖. In particular

‖ϕx − ϕy‖ ≤ 2dϕ(ϕx, ϕy)

where the norm ‖ ‖ of the functionals denotes the usual norm of the conjugate
space B∗

Proof. If t ∈ LB(X), then |ϕx(t)−ϕy(t)| ≤ |ϕ(〈x, t(x− y)〉|+ |ϕ(〈x− y, ty〉)|. Now
by the Cauchy-Schwarz inequality ‖〈x, t(x−y)〉‖ ≤ ‖t‖ ‖x−y‖, and ‖〈x−y, ty〉‖ ≤
‖x− y‖ ‖t‖. Then ‖ϕx(t)− ϕy(t)‖ ≤ 2‖t‖ ‖x− y‖, and the result follows. ¤

We want the map σ : Sp(X) → Oϕ to be a locally trivial fibre bundle. In
order to obtain it we make the following assumption:

Hypothesis 3.2. There exists a conditional expectation Eϕ : pBp → Bϕ
p .
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This is the case if for example B is a von Neumann algebra and ϕ is normal.
For the remaining of this section, we suppose that 3.2 holds.

Theorem 3.3. The map σ : Sp(X) → Oϕ, σ(x) = ϕx is a locally trivial fibre bundle.
The fibre of this bundle is the unitary group UBϕ

p
of Bϕ

p .

Proof. Since the spaces are homogeneous spaces, it suffices to show that there
exist continuous local cross sections at every point x0 of Sp(X). Suppose that
dϕ(ϕx, ϕx0) < r < 1. Then there exists a unitary operator v in Bϕ

p such that
‖xv − x0‖ < 1. Then

‖p− 〈xv, x0〉‖ = ‖〈x0, x0〉 − 〈xv, x0〉‖ = ‖〈x0 − xv, x0〉‖ ≤ ‖x0 − xv‖ < 1

It follows that 〈xv, x0〉 is invertible in pBp. Therefore, one can find r such that also
Eϕ(〈xv, x0〉) = v∗Eϕ(〈x, x0〉) is invertible in Bϕ

p . Then Eϕ(〈x, x0〉) is invertible.
Let us put

ηx0(ϕx) = xµ(Eϕ(〈x, x0〉))
defined on {ϕx : dϕ(ϕx, ϕx0) < r}, where µ denotes the unitary part in the polar
decomposition (of invertible elements) in Bϕ

p : c = µ(c)(c∗c)1/2. First note that ηx0

is well defined. If x′ is a vector in the fibre of ϕx, then x′ = xv for v ∈ UBϕ
p
. Then

x′µ(Eϕ(〈x′, x0〉)) = xvµ(v∗Eϕ(〈x, x0〉)) = xµ(Eϕ(〈x, x0〉)), where the last equality
holds because µ(ua) = uµ(a) if u is unitary. Next, ηx0(ϕx0) = x0µ(Eϕ(〈x0, x0〉)) =
x0, and ηx0 is a cross section for σ, because µ(Eϕ(〈x, x0〉)) is a unitary in Bϕ

p .
Finally, let us see that ηx0 is continuous. Suppose that dϕ(ϕxn , ϕx) → 0, then
there exist unitaries vn in Bϕ

p such that xnvn → x. Then by the continuity of the
operations, xnvnµ(Eϕ(〈xnvn, x0〉)) = xnµ(Eϕ(〈xn, x0〉)) → xµ(Eϕ(〈x, x0〉)), i.e.,
ηx0(xn) → ηx0(x). It is clear from 2.4 that the fibre is UBϕ

p
. Namely, σ−1(ϕx) =

{xv : v ∈ UBϕ
p
}. Note that xvn → xv in σ−1(ϕx) ⊂ Sp(X) if and only if vn → v in

UBϕ
p
. ¤

We shall use the following result, which is a straightforward fact from the
theory of fibrations

Lemma 3.4. Suppose that one has the following commutative diagram

E
π1−−−→ X

↘ π2

y p

Y,

where E, X, Y are topological spaces, π1, π2 are fibrations and p is continuous
and surjective. Then p is also a fibration.

There is another natural bundle associated to Oϕ, which is the mapping

Oϕ → Ee, ϕx 7→ ex,



6 Esteban Andruchow and Alejandro Varela IEOT

where e is any projection of the form ex0 for some x0 ∈ Sp(X). Since ex =
supp(ϕx), we shall call this map supp. In general, taking support of positive func-
tionals does not define a continuous map. However it is continuous in this context,
i.e. restricted to the set Oϕ with the metric dϕ. Indeed, as seen before, convergence
of ϕxn

→ ϕx in this metric implies the existence of unitaries vn of Bϕ
p ⊂ pBp such

that xnvn → x in Sp(X). This implies that exnvn
= exn

→ ex. Moreover, one has

Theorem 3.5. The map supp : Oϕ → Ee is a fibration with fibre UpBp/UBϕ
p
. One

has the following commutative diagram of fibre bundles

Sp(X)
ρ−−−→ Oϕ

↘ σ

y supp

Ee.

Proof. That the diagram commutes is apparent. Since ρ and σ are fibre bundles,
it follows using 3.4 that supp is a fibration. Note that if ex = ey, then there
exists u ∈ UpBp such that y = xu. Then ϕy = ϕxu = (ϕ ◦ Ad(u∗))x, therefore
supp−1(ex) = {(ϕ ◦ Ad(u∗))x : u ∈ UpBp}. In 2.4 it was shown that ϕx = ψx

(where ϕ and ψ are states of B with support p) implies ϕ = ψ. So {ϕ ◦ Ad(u) :
u ∈ UpBp} parametrizes the fibres of supp, and clearly this set is in one to one
correspondence with UpBp/UBϕ

p
. Now (ϕ ◦ Ad(un))x → (ϕ ◦ Ad(u))x in Oϕ if and

only if infv∈UBϕ
p
‖xun − xuv‖ = infv∈UBϕ

p
‖un − uv‖, i.e. the class of un tends to

the class of u in UpBp/UBϕ
p

(with the quotient topology induced by the norm of
B). ¤

One can use the homotopy exact sequences of these bundles to relate the
homotopy groups of Oϕ, Sp(X), Ee, UpBp, UBϕ

p
and UpBp/UBϕ

p
. Namely:

. . . πn(UBϕ
p
, p) → πn(Sp(X), x0)

σ∗→ πn(Oϕ, ϕx0) → πn−1(UBϕ
p
, p) → . . .

where x0 is a fixed element in Sp(X), and

. . . πn(UpBp/UBϕ
p
, [p]) → πn(Oϕ, ϕx0)

supp∗→
supp∗→ πn(E , ex0) → πn−1(UpBp/UBϕ

p
, [p]) → . . .

with ϕ a fixed state in Σp(B).
The first result uses simply the fact that σ is continuous and surjective.

Corollary 3.6. If pBp is a finite von Neumann algebra, then Oϕ is arcwise con-
nected.

Proof. If pBp is finite, it was shown in [2] that Sp(X) is connected. ¤
Corollary 3.7. If pBp is a von Neumann algebra and the restriction of ϕ to pBp is
normal, then

π1(Oϕ, ϕx) ∼= π1(Ee, ex).
If moreover Xp is selfdual, then π1(Oϕ, ϕx) = 0.
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Proof. The proof follows by applying the tail of the homotopy exact sequence of
the bundle supp, recalling from [4] that the fibre UpBp/UBϕ

p
is simply connected.

In the selfdual case, it was proven in [2] that the connected components of Ee are
simply connected. ¤

Corollary 3.8. If pBp is a von Neumann algebra, ϕ restricted to pBp is normal
and Xp is selfdual, then, for a fixed x0 ∈ Sp(X), the inclusion map

i : UBϕ
p

↪→ Sp(X), v 7→ x0v

induces an epimorphism

i∗ : π1(UBϕ
p
, p) → π1(Sp(X), x0).

Proof. This time use the homotopy exact sequence of σ, and the fact that in this
case π1(Oϕ, ϕx0) = 0. ¤

In other words, this result says that regardless of the size of the selfdual
module X, any closed continuous curve x(t) ∈ Sp(X) with x(0) = x(1) = x0

is homotopic to a closed curve of the form x0(t) = x0v(t), with v(t) a curve of
unitaries in Bϕ

p with v(0) = v(1) = p.

Corollary 3.9. Suppose that X is selfdual. If either

a) pBp is a properly infinite von Neumann algebra,
or

b) pBp is a von Neumann algebra of type II1 with LB(X) properly infinite,

then for n ≥ 1
πn(Oϕ, ϕx0) ∼= πn−1(UBϕ

p
, p).

Proof. In both cases, a) and b), one has that Sp(X) is contractible (see [2]). There-
fore the proof follows writing down the homotopy exact sequence of the fibre bundle
σ. ¤

Situation b) occurs for example if pBp is a II1 factor and Xp is not finitely
generated over pBp.

Finally let us state an analogous result for general C∗-algebras B (under the
hypothesis 3.2) for the module X = HB = B ⊗ `2. Here we use the fact [2], that
Sp(HB) is contractible. The proof follows similarly.

Corollary 3.10. If 3.2 holds, and X = HB, then for n ≥ 1

πn(Oϕ, ϕx0) ∼= πn−1(UBϕ
p
, p).

These two results establish that in these cases, if UBϕ
p

is connected, then
π1(Oϕ, ϕx0) is trivial. This is granted if pBp is a von Neumann algebra. However,
note that π2(Oϕ, ϕx0) is not trivial. This is because Bϕ

p is a finite von Neumann
algebra and therefore UBϕ

p
has non trivial fundamental group (see [7], [12]).
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4. Vector states in LB(X)

In 2.2 it was shown that a state Φ of LB(X) with support e = ex for some
x ∈ Sp(X) is of the form Φ = ϕx for some state ϕ in B with support p. Recall that
we denote by Σp(B) the set of states of B with support p, and by Σp,X the set of
states of LB(X) with support equivalent to e. In other words, Σp,X = ∪ϕ∈Σp(B)Oϕ.
One has the assignment

Sp(X)× Σp(B) → Σp,X , (x, ϕ) 7→ ϕx.

Remember that ϕx = ψy, with ϕ,ψ ∈ Σp(B), x, y ∈ Sp(X) if and only if
ψ = ϕ ◦Ad(u) with y = xu and u ∈ UpBp (see 2.4 part c)).

The unitary group UpBp acts both on Sp(X) and Σp(B). We may consider
the diagonal action on Sp(X) × Σp(B), defined by u.(x, ϕ) = (xu, ϕ ◦ Ad(u)). It
follows that if we denote the quotient

Sp(X)× Σp(B)/{(x, ϕ) ∼ (xu, ϕ ◦Ad(u)), u ∈ UpBp} := Sp(X)×UpBp
Σp(B)

(as is usual notation), then the assignment above induces a bijection

Sp(X)×UpBp Σp(B) ' Σp,X .

If we endow Sp(X) ×UpBp
Σp(B) with the quotient topology (where Sp(X) and

Σp(B) are considered with the norm topologies), a natural question is what topol-
ogy does this bijection induce in Σp,X . The following result states that convergence
of a sequence in the quotient topology is equivalent in Σp,X to convergence (in
norm) of the states and their supports.

Proposition 4.1. Consider in Σp,X the metric d given by

d(Φ, Ψ) = ‖Φ−Ψ‖+ ‖supp(Φ)− supp(Ψ)‖.
Then the metric space (Σp,X , d) is homeomorphic to Sp(X) ×UpBp

Σp(B), where
the homeomorphism is given by the above bijection.

Proof. Denote by [(x, ϕ)] the class of (x, ϕ) in Sp(X) ×UpBp Σp(B). Suppose that
[(xn, ϕn)] converge to [(x, ϕ)] in Sp(X)×UpBp Σp(B). Then there exist unitaries un

in pBp such that xnun tends to x and ϕn ◦ Ad(un) tends to ϕ in the respective
norms. By continuity of the inner product, it is clear then that exn = θxn,xn =
θxnun,xnun → ex and ϕnxn

= (ϕn ◦ Ad(un))xnun → ϕx, and therefore the assign-
ment [(x, ϕ)] 7→ ϕx is continuous. On the other direction, suppose that d(Φn, Φ)
tends to zero. There exist ϕn, ϕ ∈ Σp(B) and xn, x ∈ Sp(X) such that Φn = ϕnxn

and Φ = ϕx. We have that supp(Φn) = exn → supp(Φ) = ex. Now exn = ρ(xn),
ex = ρ(x), and ρ : Sp(X) → Ee is a fibre bundle with fibre UpBp, therefore there ex-
ist unitaries un in pBp such that xnun → x. We may replace the xn by yn = xnun

and ϕn by ψn = ϕn ◦ Ad(un), and still have Φn = ψnyn
, with yn → x. We claim

that ψn → ϕ. Indeed, if a ∈ B, by a typical argument

|ψn(a)−ϕ(a)| = |Φn(θyna,yn)−Φ(θxa,x)| ≤ ‖Φn‖‖θyna,yn−θxa,x‖+‖Φn−Φ‖‖θxa,x‖.
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The first summand is bounded by (using the Cauchy-Schwarz inequality)

‖θyna,yn
−θxa,x‖ ≤ ‖θyna,yn−x‖+‖θyna−xa,x‖ ≤ ‖yn‖‖a‖‖yn−x‖+‖yn−x‖‖a‖‖x‖,

which equals 2‖a‖‖yn − x‖. The other summand equals ‖Φn − Φ‖‖a‖. It follows
that [(yn, ψn)] = [(xn, ϕn)] → [(x, ϕ)]. ¤

Since ‖Φ − Ψ‖ ≤ d(Φ,Ψ), it is clear that the inclusion of (Σp,X , d) in
(LB(X)∗, ‖ ‖) is continuous. The following example shows that the topology given
by the metric d in Σp,X does not coincide with the norm topology of the conjugate
space of LB(X). In other words, that convergence of the vector states (which a
priori have equivalent supports) does not imply convergence of the supports.

Example. Let B = D ⊂ B(`2(IN)) be the subalgebra of diagonal matrices (with re-
spect to the canonical basis). Consider the conditional expectation E : B(`2(IN)) →
D which consists on taking the diagonal entries. Let a ∈ D be a trace class pos-
itive diagonal operator with trace one, and no zero entries in the diagonal. Put
ϕ(x) = Tr(ax), x ∈ B(`2(IN)). Clearly, ϕ is faithful and B(`2(IN))ϕ = D. Let b
be the unilateral shift in `2(IN). Denote by qn the n×n Jordan nilpotent, and wn

the unitary operator on `2(IN) having the unitary matrix qn + q∗ n−1
n on the first

n× n corner and the rest of the diagonal completed with 1.
We shall consider the D-right module X as the completion of B(`2(IN)) with

the D-valued inner product given by E, i.e. 〈x, y〉 = E(x∗y), x, y ∈ B(`2(IN)).
Note that X is also a B(`2(IN))-left module, and so the elements of B(`2(IN))
act as adjointable operators in X. Consider the faithful state ϕ of D equal to the
restriction of the former ϕ. The elements wn and b lie in the unit sphere of X.

We claim that the projections ewn do not converge to eb. Suppose that they
do converge, again using that the map x 7→ ex is a bundle, there would exist
unitaries vn ∈ D such that wnvn → b in S1(X). In [4] it was shown that the
element b cannot be approximated by unitaries of B(`2(IN)) in the norm topology
of the module X.

On the other hand, the states ϕwn converge to ϕb in the norm topology of
the conjugate space of LB(X). Indeed

|ϕwn(t)− ϕb(t)| = |Tr (a(〈wn, t(wn)〉 − 〈b, t(b)〉))|

≤ |Tr (a(〈wn, t(wn)− t(b)〉))|+ |Tr (a(〈wn − b, t(b)〉))| .
The first summand can be bounded by ‖t‖ Tr(a(2 − E(w∗nb) − E(b∗wn))). Since
Tr(a) = 1 and E is trace invariant, this term equals

‖t‖ (2− Tr(aw∗nb + ab∗wn)) = 2‖t‖
∑

k≥n

ak,

where ak are the diagonal entries of a. It is clear that this term tends to zero when
n →∞. The other summand can be dealt in a similar way, establishing our claim.

Summarizing, the states ϕwn converge but their supports ewn do not.
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Next we shall see that the quotient map

℘1 : Sp(X)× Σp(B) → Sp(X)×UpBp
Σp(B) , ℘1(x, ϕ) = [(x, ϕ)]

and the projection

℘2 : Sp(X)×UpBp
Σp(B) → Sp(X)/UpBp , ℘2([(x, ϕ)]) = [x]

are fibrations. Equivalently, if Σp,X is considered with the topology induced by the
metric d, the maps (x, ϕ) 7→ ϕx and ϕx 7→ ex are fibrations. In what follows, for
brevity, we shall use Σp,X (considered with the metric d) instead of Sp(X)×UpBp

Σp(B). Therefore ℘1(x, ϕ) = ϕx.

Theorem 4.2. The map ℘1 : Sp(X)× Σp(B) → Σp,X , ℘1(x, ϕ) = ϕx is a principal
fibre bundle with fibre UpBp.

Proof. It suffices to exhibit a local cross section around a generic base point ϕx. We
claim that there is a neighborhood of ϕx such that elements ψy in this neighbor-
hood satisfy that 〈y, x〉 is invertible. Indeed, if d(ϕx, ψy) < r, then ‖ex − ey‖ < r.
If we choose r small enough so that ey lies in the ball around ex in which a local
cross section of ρ(x) = ex is defined, then there exists a unitary u in pBp such that
‖x− yu‖ < 1. Note that

‖p− 〈yu, x〉‖ = ‖〈x− yu, x〉‖ ≤ ‖x− yu‖ < 1.

Then 〈yu, x〉 = u∗〈y, x〉 is invertible in pBp, and therefore also 〈y, x〉. In this
neighborhood put

s(ψy) = (yµ(〈y, x〉), ψ ◦Ad(µ(〈y, x〉)),
where µ denotes the unitary part in the polar decomposition of invertible elements
in pBp as before. We claim that s is well defined, is a local cross section and is
continuous.

Suppose that ψy = ψ′y′ , then there exits a unitary u in pBp such that y′ = yu

and ψ = ψ′ ◦ Ad(u). Then y′µ(〈y′, x〉) = yuµ(u∗〈y, x〉) = yµ(〈y, x〉). Also, ψ′ ◦
Ad(µ(〈y′, x〉)) = ψ◦Ad(u)◦Ad(µ(u∗〈y, x〉)) = ψ◦Ad(u)◦Ad(u∗)◦Ad(µ(〈y, x〉)) =
ψ ◦Ad(µ(〈y, x〉)).

That it is a cross section is apparent. Let us see that s is continuous. Sup-
pose that ψnyn

→ ϕ′x′ for ϕ′x′ in the neighborhood of ϕx where s is defined.
This implies that there exist unitaries un in UpBp such that ynun → x′ and
ψn ◦ Ad(un) → ϕ′ in the norm topologies. The continuity of the inner product
implies that ynunµ(〈ynun, x〉) = ynµ(〈yn, x〉) → x′µ(〈x′, x〉). Also ψn ◦ Ad(un) ◦
Ad(µ(〈ynun, x〉)) = ψn ◦Ad(µ(〈yn, x〉)) → ϕ′ ◦Ad(µ(〈x′, x〉)). ¤

Next we consider the map ℘2 : Σp,X → Sp(X)/UpBp. Recall that Sp(X)/UpBp

is homeomorphic to Ee, where the homeomorphism is given by [x] 7→ ex. The
following result states that taking support of a state in Σp,X (regarded with the d
topology) is a fibration.

Theorem 4.3. The map ℘2 : Σp,X → Sp(X)/UpBp, given by ℘2(ϕx) = [x] is a
fibration with fibre Σp(B).
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Proof. Consider the diagram

Sp(X)× Σp(B)
℘1−−−→ Σp,X

↘ p

y ℘2

Sp(X)/UpBp,

where p is given by p(x, ϕ) = [x]. Clearly p is a fibre bundle, because it is the
composition of the projective bundle x 7→ [x] with the projection (x, ϕ) 7→ x. The
map ℘1 was shown to be a fibration. It follows from 3.4 the ℘2 is a fibration. The
fibre ℘−1

2 ([x]) consists of all states ϕy with [y] = [x]. Then there exists u ∈ UpBp

such that ϕy = (ϕ◦Ad(u∗))x, so that one may fix x (and not just [x]). Now ϕx = ψx

implies ϕ = ψ. It follows that the fibre over [x] is the set {ϕx : ϕ ∈ Σp(B)}, which
identifies with Σp(B). ¤

We will use the fibrations ℘1 and ℘2 to obtain information about the homo-
topy type of these spaces.

As in the previous section, applying the homotopy exact sequences of these
fibrations, one obtains

. . . πn (UpBp, p) → πn(Sp(X)× Σp(B), (x0, ϕ))
(℘1)∗→

(℘1)∗→ πn(Σp,X , ϕx0) → πn−1(UpBp, p) → . . .

and

. . . πn(Σp(B), ϕ) → πn(Σp,X , ϕx0)
(℘2)∗→ πn(E , ex0) → πn−1(Σp(B), ϕ) . . .

First note that since Σp(B) is convex, Sp(X)×Σp(B) has the same homotopy
type as Sp(X), and

π∗(Σp,X) = π∗(Eex).

Corollary 4.4. The space Sp(HB)× Σp(B) is contractible.

Proof. It was remarked in the preceding section that Sp(HB) is contractible. ¤

Corollary 4.5. For ϕ0 ∈ Σp(B) and x0 ∈ Sp(HB) fixed,

πn

(
Σp,HB , ϕ0x0

) ∼= πn−1(UpBp, p), n ≥ 1.

In particular, if UpBp is connected, π1

(
Σp,HB , ϕ0x0

)
= 0. If moreover pBp is a

properly infinite von Neumann algebra, Σp,HB has trivial homotopy groups of all
orders.

Proof. The first fact follows from the contractibility of Sp(HB) × Σp(B), which
implies that in the homotopy sequence πk(Sp(HB) × Σp(B), (ϕ0, x0)) = 0 for all
k. The second fact follows using that UpBp is connected. Using that ([6]) if pBp is
properly infinite, then UpBp is contractible, it follows that

πn(Σp,HB , ϕ0x0
) = 0

for all n ≥ 0. ¤
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One can be more specific, since the homotopy groups of the unitary group of
a C∗-algebra (at least for n = 1) have been computed in many cases ([7], [12], [15]).
For example, in the von Neumann algebra case, one can compute the fundamental
group of the unitary group in terms of the type decomposition of the algebra.

Corollary 4.6. If pBp is a finite von Neumann algebra, then Σp,X is connected.

Proof. It was noted before that if pBp is finite, then Sp(X) is connected. ¤
Corollary 4.7. If pBp is a properly infinite algebra, then for n ≥ 0

πn

(
Σp,X , ϕ0x0

) ∼= πn(Sp(X), x0).

If moreover Xp is selfdual, then

πn

(
Σp,X , ϕ0x0

)
= 0

for all n ≥ 0.

Proof. The proof follows writing the homotopy exact sequence of ℘1. If pBp is
properly infinite, its unitary group is contractible. If moreover Xp is selfdual, it
was pointed out before that Sp(X) is contractible. ¤

We turn now our attention to the bundle ℘2.

Corollary 4.8. If pBp is a von Neumann algebra and Xp is selfdual, then the group
π1(Σp,X , ϕx) is trivial.

Proof. It was shown in [2] that π1(Eex) = 0 ¤
Remark 4.9. There is another map related to this situation, namely the other
projection ℘3,

℘3 : Σp,X → Σp(B)/UpBp, ℘3(ϕx) = [ϕ].
This map is well defined and continuous, and if one goes back to the notation
Sp(X)×upBp

Σp(B), ℘3 is the map (x, ϕ) 7→ ϕ at the quotient level,

[(x, ϕ)] 7→ [ϕ].

However this map is not, in general, even a weak fibration. To see this consider
the case when X = B is a finite algebra, and p = 1. Here LB(B) = B and Σ1,B
consist of the states of B with support equivalent to 1 (note that x ∈ S1(X) verifies
x∗x = 1, i.e. x ∈ UB, and ex = 1). That is, Σ1,B is the set of faithful states of B
(= Σ1(B) in our notation). It follows that ℘3 is just the quotient map

Σ1(B) → Σ1(B)/UB.

Moreover, take B = Mn(C) (n < ∞). Then the quotient map above is not a weak
fibration. Indeed, both sets Σ1(Mn(C)) and Σ1(Mn(C))/UMn(C) are convex metric
spaces. The latter can be identified, using the density matrices, to the n-tuples
of eigenvalues (λ1, ..., λn) arranged in decreasing order and normalized such that∑

λk = 1, with the `1 distance. If this quotient map were a weak fibration, then
the fibre would have trivial homotopy groups of all orders. This is clearly not the
case, since the fibre is the unitary group U(n) of Mn(C).
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Remark 4.10. The set Oϕ lies inside Σp,X , namely as the states ϕx with ϕ fixed.
If one regards Oϕ with the metric dϕ and Σp,X with the metric d, it is clear that
the inclusion is continuous. Indeed, it was noted that supp is continuous in Oϕ.
Therefore if dϕ(ϕxn , ϕx) → 0, then exn → ex, which implies that d(ϕxn , ϕx) → 0.

However, the identity mapping (Oϕ, dϕ) → (Oϕ, d) is not (in general) a home-
omorphism. Indeed, take X = B and ϕ faithful. Then Oϕ is the unitary orbit
{ϕ◦Ad(u) : u ∈ UB} ∼ UB/UBϕ , and it is clear that dϕ induces the same topology
as the quotient topology (UB with the norm topology). On the other hand, Σp,X

coincides in this case with Σ1(B) the set of faithful states of B, and the metric d is
just the usual norm of the conjugate space B∗. In [3] it was shown that in general,
the unitary orbit does not have norm continuous local cross sections to the unitary
group, but it does have local cross sections which are continuous in the quotient
topology UB/UBϕ .

Remark 4.11. The metric d(Φ, Ψ) = ‖Φ−Ψ‖+ ‖supp(Φ)− supp(Ψ)‖ in the state
space of LB(X) is weird. For example, in this metric, Σp,X is open. Moreover, any
state ψ of LB(X) such that d(Ψ, Σp,X) < 1, actually lies in Σp,X . Indeed, if Φ is
a state of LB(X), and d(Φ, ϕx) < 1 for some x ∈ Sp(X) and ϕ ∈ Σp(B), then
‖supp(Φ)− ex‖ < 1, and therefore supp(Φ) and ex are unitarily equivalent. That
is supp(Φ) = ey, with y = U(x) for some unitary U in LB(X). Then, by 2.2, there
exists ψ ∈ Σp(B) such that Φ = ψy ∈ Σp,X .

However, if X = B and B is finite dimensional, then the topology of the
d-metric coincides in Σp,B with the usual norm topology. Indeed, it suffices to see
that the map ϕx 7→ ex is continuous in the norm topology. Since we are in the finite
dimensional case, it suffices to argue with (positive) density matrices, with trace
1. Note that the states of the form ϕx have equivalent supports, i.e. their density
matrices have kernels with the same dimension. Suppose that an is a sequence of
positive matrices with trace 1 and nul(an) = k, converging in norm to the matrix
a, also with (a priori) nul(a) = k. Then the projections Pker an onto the kernels
converge in norm to Pker a. Indeed, we claim that one can find an open interval
around zero and an integer n0 such that for n ≥ n0 no eigenvalue of an (other
than zero) lies inside this interval. And by a routine spectral theoretic argument,
one has that Pker an → Pker a. If one could find no such interval, then there would
exist a sequence λn > 0 such that λn is an eigenvalue of an and λn → 0. If qn is
the spectral projection corresponding to λn, then an = bn + λnqn. Then bn → a,
where nul(a) = k and nul(bn) < k, which cannot happen.
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